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Let k be an inﬁnite ﬁeld. The notion of retract k-rationality was
introduced by Saltman in the study of Noether’s problem and other
rationality problems. We will investigate the retract rationality
of a ﬁeld in this paper. Theorem 1: Let k ⊂ K ⊂ L be ﬁelds.
If K is retract k-rational and L is retract K -rational, then L is
retract k-rational. Theorem 2: For any ﬁnite group G containing
an abelian normal subgroup H such that G/H is a cyclic group,
for any complex representation G → GL(V ), the ﬁxed ﬁeld C(V )G
is retract C-rational. Theorem 3: If G is a ﬁnite group, then all
the Sylow subgroups of G are cyclic if and only if Cα(M)G is
retract C-rational for all G-lattices M , for all short exact sequences
α : 0 → C× → Mα → M → 0. Because the unramiﬁed Brauer
group of a retract C-rational ﬁeld is trivial, Theorems 2 and 3
generalize previous results of Bogomolov and Barge respectively
(see Theorems 5.9 and 6.1).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let k be a ﬁeld, and L be a ﬁnitely generated ﬁeld extension of k. L is called k-rational (or rational
over k) if L is purely transcendental over k, i.e. L is isomorphic to some rational function ﬁeld over k.
L is called stably k-rational if L(y1, . . . , ym) is k-rational for some y1, . . . , ym which are algebraically
independent over L. L is called k-unirational if L is k-isomorphic to a subﬁeld of some k-rational ﬁeld
extension of k. It is easy to see that “k-rational” ⇒ “stably k-rational” ⇒ “k-unirational”.
Let G be a ﬁnite group acting on the rational function ﬁeld k(xg : g ∈ G) by k-automorphisms
deﬁned by h · xg = xhg for any g,h ∈ G . Denote by k(G) the ﬁxed subﬁeld, i.e. k(G) = k(xg : g ∈ G)G .
Noether’s problem asks, under what situation, the ﬁeld k(G) is k-rational.
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generic G-Galois extension over k [Sa2, Theorem 5.1]. On the other hand, when Hilbert’s irreducibility
theorem is valid for k (e.g. if k is any algebraic number ﬁeld), it is not diﬃcult to see that the existence
of a generic G-Galois extension over k implies that there is a Galois ﬁeld extension K over k such that
Gal(K/k)  G , i.e. the inverse Galois problem for the pair (k,G) is solvable (see, for example, [Sw1,
Theorem 3.3]). In the study of generic Galois extensions and generic division algebras, Saltman was
led to the notion of retract k-rationality [Sa1,Sa4], which is the main subject of this paper.
Deﬁnition 1.1. (See [Sa1, p. 130], [Sa4, Deﬁnition 3.1].) Let k be an inﬁnite ﬁeld and L be a ﬁeld
containing k. L is called retract k-rational, if there are some aﬃne domain A over k and k-algebra
morphisms ϕ : A → k[X1, . . . , Xn][1/ f ], ψ : k[X1, . . . , Xn][1/ f ] where k[X1, . . . , Xn] is a polynomial
ring over k, f ∈ k[X1, . . . , Xn]\{0}, satisfying that
(i) L is the quotient ﬁeld of A, and
(ii) ψ ◦ ϕ = 1A , the identity map on A.
In the above deﬁnition of retract k-rationality, it is required that k is an inﬁnite ﬁeld because this
assumption guarantees the existence of suﬃciently many k-specializations when we apply the notion
of retract rationality to other concepts or problems. Here is a geometric picture of retract rationality.
Suppose that L is retract k-rational over k. Then there are quasi-projective varieties V and W deﬁned
over k, a dominating k-morphism p : V → W satisfying that k(W ) = L, k(V ) is k-rational and p has a
section, i.e. a k-morphism s : W → V with ps = 1W .
Another related notion is discussed by Colliot-Thélène and Sansuc [CTS2]. A ﬁeld L over k is called
a direct factor of a k-rational ﬁeld if there is a ﬁeld L′ over k such that the quotient ﬁeld of L ⊗k L′
is k-rational (in particular, the k-algebra L ⊗k L′ is an integral domain). It is known that, if L is the
function ﬁeld of some algebraic torus T over k, then L is retract k-rational if and only if it is a direct
factor of some k-rational ﬁeld [CTS2, Proposition 7.4].
Return to Noether’s problem.
Theorem 1.2. (See [Sa2,Sa4,De].) Let k be an inﬁnite ﬁeld and G be a ﬁnite group. The following statements are
equivalent:
(i) k(G) is retract k-rational.
(ii) There is a generic G-Galois extension over k.
(iii) There exists a generic G-polynomial over k.
Proof. (i) ⇔ (ii) by [Sa2, Theorem 5.3], [Sa4, Theorem 3.12]. The equivalence of (i), (ii), (iii) was proved
in [De,DM]. 
It is not diﬃcult to verify that, if k is an inﬁnite ﬁeld, then “k-rational” ⇒ “stably k-rational” ⇒
“retract k-rational” ⇒ “k-unirational”. Thus, if k(G) is not retract k-rational, then k(G) is not stably
k-rational (and is not k-rational, in particular). This is the strategy for showing that C(G) is not C-
rational for some group G of order p9 by Saltman in [Sa3] (where p is any prime number). On the
other hand, if k(G) is k-rational, then k(G) is retract k-rational.
We remark that the direction of the implication “rational” ⇒ “stably rational” ⇒ “retract rational”
⇒ “k-unirational” cannot be reversed. There is a ﬁeld extension L of C such that L is stably C-
rational, but not C-rational [BCTSSD]. If Cp denotes the cyclic group of order p, then Q(Cp) is retract
Q-rational, but not stably Q-rational when p = 47, 113 or 233, etc. (see Theorem 3.7 and the remark
after its proof). Q(C8) is Q-unirational, but not retract Q-rational (see Theorem 2.9); for ﬁnitely gen-
erated ﬁeld extensions over C which are C-unirational, but not retract C-rational, see [Sa3,Bo,CHKK].
On the other hand, we don’t know whether there is a ﬁeld extension L of C such that L is retract
C-rational, but is not stably C-rational. The reader is referred to the papers [MT,CTS3] for surveys of
the rationality problems, and to Swan’s paper [Sw1] for Noether’s problem.
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we will show that C(V )G is retract C-rational where G → GL(V ) is any complex representation and
G is a ﬁnite group containing an abelian normal subgroup H such that G/H is a cyclic group (see
Theorem 5.10). Because of Theorem 3.2, Theorem 5.10 may be regarded as a generalization of a result
of Bogomolov (see Theorem 5.9). Finally we will show that, if G is a ﬁnite group, then all the Sylow
subgroups of G are cyclic if and only if Cα(M)G is retract C-rational for all G-lattices M , for all
short exact sequences α : 0 → C× → Mα → M → 0. This result generalizes a theorem of Barge (see
Theorem 6.1).
An application of the transitivity theorem is Theorem 5.4, which asserts that k(G) is retract k-
rational is equivalent to the retract k-rationality of k(M)G where M is any faithful G-lattice with [M]ﬂ
invertible. We remark that Theorems 2.9 and 3.7, due to Voskresenskii and Saltman respectively, are
of interest themselves. The proofs of these two theorems are included for the convenience of the
reader.
We remark that there is a notion, called the property Rat(G/k) by Serre [GMS, p. 86], which is
slightly stronger than the existence of a generic G-Galois extension over k. We deﬁne it as follows.
Deﬁnition 1.3. (See [GMS, pp. 11, 86].) Let k be an inﬁnite ﬁeld and G be a ﬁnite group. We say that
the property Rat(G/k) holds for the pair (G,k), if there exists a versal G-torsor over L where L is
some k-rational ﬁeld extension.
In order to explain this property, we deﬁne ﬁrst the notion of a G-Galois covering.
Deﬁnition 1.4. (See [Mi1, p. 43], [Mi2, p. 41], [Sw1, Proposition 2.1].) Let G be a ﬁnite group. Let
R ⊂ S be commutative rings such that the group G acts on S by R-automorphisms of S with R = SG
where SG is the ring of invariants of S under the action of G . We say that S is a Galois covering
of R with group G (for short, S is a G-Galois covering of R), if the morphism h : S ⊗R S →∏σ∈G S
deﬁned below is an isomorphism where we deﬁne h(s1 ⊗ s2) = (. . . ,hσ (s1 ⊗ s2), . . .)σ ∈∏σ∈G S with
hσ (s1 ⊗ s2) = s1 ·σ(s2) (i.e. the σ -th coordinate of h(s1 ⊗ s2) is s1 ·σ(s2)). We also say that Spec(S) →
Spec(R) is a G-Galois covering if S is a G-Galois covering of R .
The above deﬁnition can be globalized. Namely, when V , W are schemes or algebraic varieties
deﬁned over a ﬁeld k and V → W is a faithfully ﬂat morphism, we can deﬁne by the similar way the
notion that V → W is a G-Galois covering.
A G-Galois covering V → W is nothing but a G-torsor of W , i.e. a principal homogeneous space
over W under G ([Mi2, Example 11.3, p. 76], [Mi1, pp. 120 and 43–44]). If R ⊂ S are commutative
rings, the notion that S is a G-Galois covering of R deﬁned here is equivalent to the notion that S is a
Galois extension of R with group G in the sense of Galois extensions of commutative rings [Sw1, Prop-
osition 2.1]. Since G is a ﬁnite group, the assumption of faithful ﬂatness in [Mi1, p. 43], [Mi2, p. 43]
guarantees that the morphism is aﬃne and ﬁnite (by the faithfully ﬂat descent [Mi1, p. 20]); when
both V and W are aﬃne schemes, the assumption of faithful ﬂatness for V → W is redundant by
[Sw1, Corollary 2.2].
Now we may rephrase Serre’s property Rat(G/k) as follows.
Deﬁnition 1.5. Let k be an inﬁnite ﬁeld and G be a ﬁnite group. We say that the property Rat(G/k)
holds for the pair (G,k), if there exists a G-Galois covering V → W where W is a smooth k-
rational variety deﬁned over k satisfying the following condition: For any ﬁeld k′ containing k, any
G-Galois covering A of k′ , any nonempty open subset U ⊂ W , there exists a point x ∈ U (k′) ⊂ W such
that Spec(A)  V ×W Spec(k′) where the ﬁbre product V ×W Spec(k′) is deﬁned via the morphism
Spec(k′) → {x} ⊂ W .
Here is an aﬃne version. The property Rat(G/k) holds, if there is a G-Galois covering S of
R satisfying that (i) R and S are aﬃne k-algebra, (ii) R is a localized polynomial ring, i.e. R =
k[X1, . . . , Xn][1/ f ] for some non-zero polynomial f , (iii) for any ﬁeld k′ containing k, any G-Galois
covering A of k′ , any r ∈ R\{0}, there is a k-morphism φ : R → k′ such that φ(r) = 0 and A  S ⊗φ k′ .
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“the property Rat(G/k) holds” ⇒ “there is a generic G-Galois extension over k”.
For the implication “k(G) is stably k-rational” ⇒ “the property Rat(G/k) holds”, the same proof of
[Sw1, Theorem 4.2] works as well in this situation; in particular, we rely on Kuyk’s Lemma, i.e. [Sw1,
Lemma 4.5].
As to the implication “the property Rat(G/k) holds” ⇒ “there is a generic G-Galois extension
over k”, suppose that V → W is the G-Galois covering given in Deﬁnition 1.5. Choose an aﬃne open
subset W0 of W such that W0  Spec(R) for some localized polynomial ring R (use Lemma 4.1, if
necessary). Consider the G-Galois covering V ×W W0 → W0. The ﬁbre product V ×W W0 is an aﬃne
variety because V → W is a G-torsor and G is a ﬁnite constant group scheme. Write V ×W W0 =
Spec(S). Then the pair (R, S) satisﬁes the conditions for a generic G-Galois extension over k (see [Sa2,
Deﬁnition 1.1] for its deﬁnition).
By Theorem 1.2, we ﬁnd that, if k is an inﬁnite ﬁeld and G is a ﬁnite group, then “k(G) is stably
k-rational” ⇒ “the property Rat(G/k) holds” ⇒ “k(G) is retract k-rational”. We don’t know whether
the two notions “Rat(G/k) holds” and “k(G) is retract k-rational” are equivalent or not.
In [Ku] Kunyavskii studies the birational classiﬁcation of 3-dimensional algebraic tori over a ﬁeld k.
He gives a list of all those tori which are k-rational; the remaining ones are not stably k-rational. In
a private communication during 2009 Kunyavskii informed me that, from the proof in [Ku], it is not
diﬃcult to deduce that a 3-dimensional algebraic torus over k is not retract k-rational if and only if it
is not stably k-rational.
We organize this paper as follows. We review basic notions of multiplicative group actions in
Section 2. In Section 3 Saltman’s work on retract rationality is reviewed. The transitivity theorem of
retract rationality is proved in Section 4. Applications are given in Section 5 where Theorem 5.10 is
the main result. In Section 6, we study the ﬁxed subﬁelds of monomial actions; Theorem 6.6 is the
generalization of Barge’s Theorem.
Standing notations. In discussing retract rationality, we always assume that the ground ﬁeld is inﬁnite
(see Deﬁnition 1.1). Thus, throughout this paper, we will assume that k is an inﬁnite ﬁeld, unless
otherwise speciﬁed. A ﬁnitely generated ﬁeld extension L of k is called a k-ﬁeld for short. k(x1, . . . , xn)
or k(X1, . . . , Xn) denotes the rational function ﬁeld of n variables over k. For emphasis, recall k(G) =
k(xg : g ∈ G)G .
We denote by ζn a primitive n-th root of unity in some extension ﬁeld of k. When we write ζn ∈ k,
it is understood that chark = 0 or chark = p > 0 with p  n. Similarly, when we write chark  n, it is
understood that chark = 0 or chark = p > 0 with p  n.
For brevity, we will call k[X1, . . . , Xn][1/ f ] a localized polynomial ring when k[X1, . . . , Xn] is a
polynomial ring and f ∈ k[X1, . . . , Xn]\{0} (see the deﬁnition of retract rationality in Deﬁnition 1.1).
An aﬃne domain over k or an aﬃne k-domain (or simply an aﬃne domain) is an integral domain of
the form k[α1, . . . ,αm] for ﬁnitely many elements α1, . . . ,αm .
All the groups in this article are ﬁnite groups. Cn denotes the cyclic group of order n. Z[π ] is the
group ring of the ﬁnite group π over Z. The exponent of a group G is the least common multiple of
the orders of elements in G .
2. Multiplicative group actions
Let π be a ﬁnite group. A π -lattice M is a ﬁnitely generated Z[π ]-module such that M is a free
abelian group when it is regarded as an abelian group.
For a π -lattice M , k[M] denotes the Laurent polynomial ring and k(M) is the quotient ﬁeld of
k[M]. Explicitly, if M =⊕1im Z · xi as a free abelian group, then k[M] = k[x±11 , . . . , x±1m ] and k(M) =
k(x1, . . . , xm). Since π acts on M , it will act on k[M] and k(M) by k-automorphisms, i.e. if σ ∈ π
and σ · x j =∑1im aijxi ∈ M , then we deﬁne the multiplicative action of σ on k[M] and k(M) by
σ · x j =∏1im xaiji .
The multiplicative action of π on k(M) is called a purely monomial action in [HK1]. If π is a
group acting on the rational function ﬁeld k(x1, . . . , xm) by k-automorphism such that σ · x j = c j(σ ) ·
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1im x
aij
i where σ ∈ π , aij ∈ Z and c j(σ ) ∈ k\{0}, such a multiplicative group action is called a
monomial action.
Deﬁnition 2.1. Let M = ⊕1 jm Z · x j be a π -lattice and π act on k(M) = k(x1, . . . , xm) by
purely monomial k-automorphisms. The ﬁxed ﬁeld, denoted by k(M)π , is deﬁned as k(M)π = { f ∈
k(x1, . . . , xm): σ · f = f for any σ ∈ π}. This ﬁeld k(M)π was designated as k(M,π) by Saltman
in [Sa5].
On the other hand, the ﬁxed ﬁeld for a monomial action is denoted by kα(M)π (here α designates
the extension of Z[π ]-modules associated to the monomial action, which will be deﬁned below). Pre-
cisely, if π acts on k(M) = k(x1, . . . , xm) by monomial k-automorphisms, deﬁne Mα to be the (multi-
plicatively written) Z[π ]-module generated by x1, . . . , xm and k× (:= k\{0}) in k(x1, . . . , xm)\{0}. Thus
we obtain a short exact sequence of Z[π ]-modules 0→ k× → Mα → M → 0; label this short exact se-
quence (or the module extension) as α. Deﬁne kα(M)π = { f ∈ k(x1, . . . , xm): σ · f = f for any σ ∈ π}.
Note that kα(M)π of this article agrees with the notation of Saltman in [Sa6, p. 538]; our notation
kα(M)π also agrees with Saltman’s notation in [Sa7, p. 535], except that, Mα in [Sa7] is the multi-
plicative subgroup generated by x1, . . . , xm and μ where k is assumed to be algebraically closed and
μ denotes the group of all roots of unity in k× .
Deﬁnition 2.2. Let K be a k-ﬁeld, π be a ﬁnite group, and M =⊕1 jm Z · x j be a π -lattice. Suppose
that π acts on K by k-automorphisms of K and π acts on K (M) by monomial k-automorphism,
i.e. σ · x j = c j(σ ) ·∏1im xaiji where σ ∈ π , c j(σ ) ∈ K\{0}, aij ∈ Z. We will denote the ﬁxed ﬁeld
by Kα(M)π where α : 0 → K× → Mα → M → 0 is the associated extension of this monomial action
of π . If π acts on K (M) by purely monomial automorphisms, we will write K (M)π for Kα(M)π .
Note that it is not necessary to assume that the action of π on the k-ﬁeld K is faithful. In case
π acts faithfully on K and acts on K (M) by purely monomial k-automorphisms, then K (M)π is just
the function ﬁeld of some algebraic torus deﬁned over Kπ split by K and with character group M
(see [Vo2]).
We recall some basic facts of the theory of ﬂabby (ﬂasque) π -lattices developed by Voskresenskii,
Endo and Miyata, Colliot-Thélène and Sansuc, etc. [Vo2,CTS1]. We refer the reader to [Sw1,Sw2,Lo] for
a quick review of the theory.
Deﬁnition 2.3. A π -lattice M is called a permutation lattice if M has a Z-basis permuted by π . M is
called an invertible (or permutation projective) lattice, if it is a direct summand of some permutation
lattice. A π -lattice M is called a ﬂabby (or ﬂasque) lattice if H−1(π ′,M) = 0 for any subgroup π ′ of π
(note that all the cohomology groups in this paper, in particular H−1(π ′,M), are the Tate cohomology
groups). Similarly, M is called coﬂabby if H1(π ′,M) = 0 for any subgroup π ′ of π . More generally, if
N is a Z[π ]-module, we will say that N is H1 trivial if H1(π ′,N) = 0 for any subgroup π ′ of π .
Let Lπ be the set of all π -lattices. We deﬁne a similarity relation on Lπ : If M1,M2 ∈ Lπ , then
M1 ∼ M2 if and only if M1 ⊕ Q 1  M2 ⊕ Q 2 for some permutation lattices Q 1 and Q 2. The set of all
similarity classes is denoted by Lπ/∼; [M] denotes the similarity class containing M in Lπ/∼. Note
that the operation of the direct sum in Lπ induces a commutative monoid structure on Lπ/∼.
Lemma 2.4. (See [Sw1, Lemma 8.4], [Le, Proposition 1.2].)
(1) If E is an invertible π -lattice, then E is ﬂabby and coﬂabby.
(2) If E is an invertible π -lattice and C is a coﬂabby π -lattice, then any short exact sequence 0 → C → N →
E → 0 splits.
Theorem 2.5 (Endo and Miyata). (See [Sw2, Theorem 3.4], [Lo, 2.10.1].) Let π be a ﬁnite group. Then all the
ﬂabby π -lattices are invertible if and only if all the Sylow subgroups of π are cyclic.
M.-c. Kang / Journal of Algebra 349 (2012) 22–37 27Theorem 2.6 (Colliot-Thélène and Sansuc). (See [Sw1, Lemma 8.5], [Lo, Lemma 2.6.1].) For any π -lattice M,
there is a short exact sequence of π -lattices 0 → M → P → F → 0 where P is a permutation lattice and F is
a ﬂabby lattice.
Deﬁnition 2.7. The exact sequence 0 → M → P → F → 0 in the above theorem is called a ﬂabby
resolution of the π -lattice M . The ﬂabby class of M , denoted by [M]ﬂ , is deﬁned as [M]ﬂ = [F ] ∈
Lπ/∼. Note that [M]ﬂ is well deﬁned: If [M] = [M ′], [M]ﬂ = [F ] and [M ′]ﬂ = [F ′], then F ⊕ Q 
F ′ ⊕ Q ′ for some permutation lattices Q and Q ′ , and therefore [F ] = [F ′] (see, for example, [Sw1,
Lemma 8.7]).
When we say that [M]ﬂ is invertible, we mean that [M]ﬂ = [E] for some invertible lattice E .
Theorem 2.8. (See Saltman [Sa4, Theorem 3.14].) Let K be a ﬁnite Galois ﬁeld extension of k with π =
Gal(K/k). For any π -lattice M, K (M)π is retract k-rational if and only if [M]ﬂ is invertible.
As an application of Theorem 2.8, we prove the following theorem.
Theorem 2.9. (See Voskresenskii [Vo1].) Let k be an inﬁnite ﬁeld with chark = 2. If k(ζ2n ) is not a cyclic
extension of k, then k(C2n ) is not retract k-rational. Thus k(C2n ) is not rational over k.
Proof. Write C2n = 〈σ 〉 and V =⊕0i2n−1 k · x(σ i) be the regular representation space of C2n . Then
k(C2n ) = k(x(σ i): 0 i  2n − 1)〈σ 〉 .
Let ζ = ζ2n and π = Gal(k(ζ )/k). Extend the actions of σ and π to k(ζ )(x(σ i): 0 i  2n − 1) so
that π acts trivially on x(σ i) and σ acts trivially on k(ζ ). For 0 i  2n − 1, deﬁne
yi =
∑
0 j2n−1
ζ−i j · x(σ j) ∈ ⊕
0 j2n−1
k(ζ ) · x(σ j).
It follows that k(C2n ) = k(x(σ i): 0  i  2n − 1)〈σ 〉 = {k(ζ )(x(σ i): 0  i  2n − 1)π }〈σ 〉 =
k(ζ )(yi: 0 i  2n − 1)〈σ ,π 〉 .
It is easy to see that σ · yi = ζ i yi for 0 i  2n − 1. Moreover, if τt ∈ π is deﬁned by τt(ζ ) = ζ t ,
then τt(yi) = yti for 0  i  2n − 1 (note that the subscript ti of yti is taken modulo 2n). It follows
that k(ζ )(yi: 0 i  2n − 1)〈σ ,π 〉 = k(ζ )(yi: 1 i  2n − 1)〈σ ,π 〉(y0).
Let N be the multiplicative subgroup of k(ζ )(yi: 1 i  2n−1)\{0} generated by y1, y2, . . . , y2n−1.
Since π acts on N = 〈yi: 1 i  2n − 1〉, N is a π -lattice. Similarly, π acts on 〈ζ 〉  Z/2nZ; thus we
may regard Z/2nZ as a ﬁnite Z[π ]-module (note that τt · i¯ = ti for any i¯ ∈ Z/2nZ). Deﬁne a π -
morphism Φ by
Φ : N → Z/2nZ
where, for any monomial y =∏1 j2n−1 yλ jj with λ j ∈ Z, deﬁne Φ(y) = σ(y)/y (note that σ(y)/y ∈
〈ζ 〉, and thus can be regarded as an element of Z/2nZ).
Deﬁne M = Ker(Φ), which is a π -lattice. It follows that k(ζ )(yi: 1  i  2n − 1)〈σ ,π 〉 = {k(ζ )×
(yi: 1 i  2n − 1)〈σ 〉}π = k(ζ )(M)π .
We compare the above construction with that in [Le, p. 310]. It is clear that N  ZC(q) where q =
2n and ZC(q) is Lenstra’s notation. Thus M  Iq in Lenstra’s notation. By [Le, Propositions 3.1 and 3.2],
H1(π ′, Iq) = 0 for any subgroup π ′ of π and H−1(π0, Iq)  Z/2Z if π0 is the unique subgroup of π
isomorphic to C2 × C2 (also see [Vo2, p. 79]). Thus Iq( M) is coﬂabby, but not ﬂabby.
Let 0 → M → P → F → 0 by any ﬂabby resolution of M so that P is permutation and F is ﬂabby.
Suppose that F is invertible. By Lemma 2.4, this exact sequence splits. Thus P  M ⊕ F . In particu-
lar, M is invertible. By Lemma 2.4 again, M is ﬂabby. This leads to a contradiction to the previous
assertion that M is not ﬂabby.
Apply Theorem 2.8. We ﬁnd that k(ζ )(M)π (= k(C2n )) is not retract k-rational. 
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subgroup of the ﬁnite group G with C2n acting on it. Then k(G) is not retract k-rational.
Proof. Suppose k(G) is retract k-rational. By Theorem 3.5, k(C2n ) is retract k-rational, which contra-
dicts to Theorem 2.9. 
Remark. Let M be the π -lattice deﬁned in the proof of Theorem 2.9. Voskresenskii showed that [M]ﬂ ,
the ﬂabby class of M , is not invertible ([Vo1, pp. 97–99], [Vo2, p. 79]); the same result was obtained
by Lenstra [Le, pp. 310–311]. Saltman showed that Q(G) is not retract Q-rational if G is a ﬁnite
abelian group containing an element of order 2n with n  3 by using Wang’s counter-example to
Grunwald Theorem [Sa2, Theorem 5.11]. Sonn generalized Saltman’s Theorem and proved that Q(G)
is not retract Q-rational if G is any ﬁnite group containing a normal subgroup H such that G/H  C2n
with n 3 [So].
3. Criteria of retract rationality
In this section we recall several results about retract rationality, which will be used subsequently.
First we deﬁne the unramiﬁed Brauer group of a k-ﬁeld L.
Deﬁnition 3.1. (See [Sa3], [Sa5, p. 226].) Let L be a k-ﬁeld. Deﬁne the unramiﬁed Brauer group of L
over k, denoted by Brv,k(L), as Brv,k(L) =⋂R Br(R) ⊂ Br(L) where R runs over all discrete k-valuation
rings whose quotient ﬁelds are equal to L, and Br(R) denotes the Brauer group of R . See [Bo, Sec-
tion 3], [Sa7, Theorem 12] for more results about unramiﬁed Brauer groups.
Theorem 3.2. (See Saltman [Sa5, Section 2].)
(i) Let L be a k-ﬁeld. If L is retract k-rational, then Brv,k(L)  Br(k). In particular, when k is algebraically
closed and L is retract k-rational, then Brv,k(L) = 0.
(ii) If K ⊂ L are k-ﬁelds and L is retract K -rational, then Brv,k(K )  Brv,k(L).
Note that Brv,C(L) = 0 is just a necessary condition for a C-ﬁeld L to be retract C-rational. It is
not a suﬃcient condition. In fact, Peyre shows that, there is a group G of order p12 such that C(G) is
not retract C-rational but Brv,C(C(G)) = 0 [Pe].
Deﬁnition 3.3. (See [Sa5].) Let K ⊂ L be k-ﬁeld. K is called a dense retraction of L if there is a regular
aﬃne K -algebra R such that (i) the quotient ﬁeld of R is L, and (ii) for any r ∈ R\{0}, there is a
K -algebra morphism ϕ : R[1/r] → K .
We will prove in Lemma 5.2 that, if L is retract k-rational, then k is a dense retraction of L.
Now consider retract rationality. We reformulate Saltman’s results of [Sa2] in terms of retract
rationality by applying Theorem 1.2.
Lemma 3.4.
(i) (See [Sa4, Proposition 3.6].) Let L be a k-ﬁeld, L(x1, . . . , xn) be the rational function ﬁeld over L. Then L is
retract k-rational if and only if so is L(x1, . . . , xn).
(ii) (See [Sa2, Theorems 1.5 and 3.1].) Let G = G1 × G2 . Then k(G) is retract k-rational if and only if so are
k(G1) and k(G2).
(iii) (See [Sa5, Lemma 1.1].) Let K ⊂ L be k-ﬁelds. If L is retract k-rational and K is a dense retraction of L,
then K is retract k-rational.
(iv) (See [Sa5, Theorem 1.3].) Let K be a ﬁnite Galois ﬁeld extension of k with π = Gal(K/k), and M be any
π -lattice. Then k is a dense retraction of K (M)π .
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acting on N.
(1) If k(G) is retract k-rational, so is k(G0).
(2) Assume furthermore that N is abelian and gcd{|N|, |G0|} = 1. If both k(N) and k(G0) are retract k-
rational, so is k(G).
Remark. For more results about suﬃcient conditions to ensure that k(N  G0) is retract k-rational,
see [Ka2, Theorems 1.11, 1.12, 1.13 and 4.3].
We recall a reduction theorem for Noether’s problem.
Theorem 3.6. (See [KP, Theorem 1.1].) Let k be a ﬁeld with chark = p > 0 and G˜ be a group extension deﬁned
by 1→ Cp → G˜ → G → 1. Then k(G˜) is rational over k(G).
Theorem 3.7. (See Saltman [Sa4, Theorem 4.12].) Let k be an inﬁnite ﬁeld and G be a ﬁnite abelian group of
exponent e = 2rm with 2 m. Then k(G) is retract k-rational if and only if either chark = 2, or k(ζ2r ) is a cyclic
extension over k.
Proof. If chark = p > 0 and p | e, choose an element g ∈ G of order p. Consider 1 → 〈g〉 → G →
G/〈g〉 → 1 and apply Theorem 3.6. Since k(G) is rational over k(G/〈g〉), it follows that k(G) is retract
k-rational if and only if so is k(G/〈g〉) by Lemma 3.4. Thus we may assume that gcd{chark, |G|} = 1
without loss of generality.
Write G ∏q Cq where these q’s are some prime powers with gcd{chark,q} = 1. By Lemma 3.4,
it suﬃces to check whether each k(Cq) is or is not retract k-rational.
If chark = 2, then q is an odd integer by the above assumption. Thus k(Cq) is retract k-rational by
[Sa2, Theorem 2.1]. From now on, we assume that chark = 2.
By [Sa2, Theorem 2.1], k(Cq) is retract k-rational if q is odd or q is even with k(ζq) being cyclic
over k. When k(ζq) is not cyclic over k, then k(Cq) is not retract k-rational by Theorem 2.9. 
Remark. Voskresenskii shows that, if G = C2r , then k(G) is k-rational ⇔ k(G) is retract k-rational ⇔
either chark = 2 or k(ζ2r ) is cyclic over k [Vo2, p. 79]. For any odd prime number p, Q(Cp) is always
retract Q-rational by the above theorem, while Q(C47) is not Q-rational by Swan (see, for example,
[Le, p. 299]), and thus not stably Q-rational by [Le, Proposition 5.6].
Here is another criterion for retract rationality.
Example 3.8. (See [Ka2, p. 2763].) Let k be any inﬁnite ﬁeld, G be a non-abelian p-group of exponent
p and of order p3 or p4. Then k(G) is retract k-rational.
4. A transitivity theorem
Before proving the transitivity theorem, we recall a lemma due to Swan.
Lemma 4.1. (See [Sw1, Lemma 4.3].) Let L be a k-ﬁeld, R1 and R2 be aﬃne k-domains contained in L such that
the quotient ﬁelds of R1 and R2 are equal to L. Then there are r1 ∈ R1\{0}, r2 ∈ R2\{0} such that R1[1/r1] =
R2[1/r2].
Theorem 4.2. Let K ⊂ L be k-ﬁelds. If K is retract k-rational and L is retract K -rational, then L is retract
k-rational.
Proof. Geometrically this result looks clear. Here is a rigorous proof.
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ring K [X1, . . . , Xn][1/ f ], k[Y1, . . . , Ym][1/g], and K -algebra morphisms ϕ : B → K [X1, . . . , Xn][1/ f ],
ψ : K [X1, . . . , Xn][1/ f ] → B , k-algebra morphisms ϕ1 : S → k[Y1, . . . , Ym][1/g], ψ1 : k[Y1, . . . , Ym][1/
g] → S satisfying that
(i) the quotient ﬁelds of B and S are L and K respectively, and
(ii) ψ ◦ ϕ = 1B , ψ1 ◦ ϕ1 = 1S .
We will ﬁnd a subring A of L and an aﬃne k-domain R of K such that
(i) A = R[α1, . . . ,αt] for some α1, . . . ,αt ∈ L,
(ii) the quotient ﬁelds of A and R are L and K respectively, and
(iii) the above morphisms ϕ , ψ , ϕ1, ψ1 are “well deﬁned” for A and R , i.e. the “natural ex-
tensions” of these morphisms (still denoted by ϕ , ψ , ϕ1, ψ1, by abusing the notations)
ϕ : A → R[X1, . . . , Xn][1/ f ], ψ : R[X1, . . . , Xn][1/ f ] → A, ϕ1 : R → k[Y1, . . . , Ym][1/g0], ψ1 :
k[Y1, . . . , Ym][1/g0] → R are well deﬁned (where g0 = gg1 for some non-zero polynomial g1)
and satisfy ψ ◦ ϕ = 1A , ψ1 ◦ ϕ1 = 1R .
The above assertion seems obvious in some sense, although a formal proof is tedious. We provide
the proof in the following.
Note that in choosing the localized polynomials K [X1, . . . , Xn][1/ f ] and k[Y1, . . . , Ym][1/g], we
may assume that X1, . . . , Xn, Y1, . . . , Ym are algebraically independent over K . In fact, these subrings
may be chosen from the rational function ﬁeld K (X1, . . . , Xn, Y1, . . . , Ym).
Write B = K [α1,α2, . . . ,αt] for some α1, . . . ,αt ∈ L. Let R1 be an aﬃne k-domain whose quotient
ﬁeld is K . Thus the quotient ﬁeld of R1[α1, . . . ,αt] is L.
We will enlarge R1 by adjoining additional elements of K to R1. First f ∈ K [X1, . . . , Xn]. Adjoin
all the coeﬃcients of f into R1. Then consider ϕ(α j) for 1 j  t . Since ϕ(α j) = f j/ f l for some f j ∈
K [X1, . . . , Xn]. Adjoin all the coeﬃcients of all these f j to R1 also. Call this new aﬃne k-domain R2.
It follows that f ∈ R2[X1, . . . , Xn] and ϕ : R2[α1, . . . ,αt] → R2[X1, . . . , Xn][1/ f ] is well deﬁned.
Now consider ψ(X1), . . . ,ψ(Xn) and ψ(1/ f ). They lie in B = K [α1, . . . ,αt]. Thus they belong to
the subring R2[α1, . . . ,αt][1/β] for a ﬁxed element β ∈ K\{0}. Adjoin 1/β to R2. Call this aﬃne k-
domain R3. We conclude that the R3-algebra morphisms ϕ : R3[α1, . . . ,αt] → R3[X1, . . . , Xn][1/ f ],
ψ : R3[X1, . . . , Xn][1/ f ] → R3[α1, . . . ,αt] are well deﬁned and satisfy ψ ◦ ϕ = 1.
Consider the aﬃne k-domain S . Apply Lemma 4.1. We ﬁnd r ∈ R3\{0} and r1 ∈ S\{0} so that
R3[1/r] = S[1/r1]. Deﬁne R = R3[1/r] and A = R[α1, . . . ,αt].
Note that ϕ1(r1) = g1/gl′ for some non-zero polynomial g1 ∈ k[Y1, . . . , Ym]. Deﬁne g0 = g · g1. Then
ϕ1 : S[1/r1] → k[Y1, . . . , Ym][1/g0] is well deﬁned. It is not diﬃcult to check that, in the morphism
ψ1 : k[Y1, . . . , Ym][1/g] → S , the element ψ1(g) is a unit in S . Thus ψ2(g1) = r1u for some unit u ∈ S .
It follows that ψ1 : k[Y1, . . . , Ym][1/g0] → S[1/r1] is also well deﬁned. Thus, the k-algebra morphisms
ϕ1 : R → k[Y1, . . . , Ym][1/g0] and ψ2 : k[Y1, . . . , Ym][1/g0] → R satisfying ψ1 ◦ ϕ1 = 1R . So are the
R-algebra morphisms ϕ : A → R[X1, . . . , Xn][1/ f ] and ψ : R[X1, . . . , Xn][1/ f ] → A. Done.
Step 2. Let C0 := R[X1, . . . , Xn][1/ f ]. Then we have R-algebra morphisms ϕ : A → C0 and ψ : C0 → A
with ψ ◦ϕ = 1A . Note that A = R[α1, . . . ,αt] is an aﬃne k-domain whose quotient ﬁeld is L. We will
deﬁne a localized polynomial C related to A and C0.
Since f ∈ R[X1, . . . , Xn], write f = ∑λ aλ · Xλ where Xλ = Xλ11 Xλ22 · · · Xλnn and aλ ∈ R . Write
ϕ1(aλ) = bλ/gN0 for all λ where bλ ∈ k[Y1, . . . , Ym]. Deﬁne f0 and h by
f0 =
(∑
λ
bλX
λ
)
/gN0 ,
h =
∑
bλX
λ ∈ k[X1, . . . , Xn, Y1, . . . , Ym]\{0}.λ
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From the k-algebra morphism R
ϕ1−→ k[Y1, . . . , Ym][1/g0] ψ1−→ R , extend the base to k[X1, . . . , Xn],
i.e. deﬁne k-algebra morphisms ϕ2 : R[X1, . . . , Xn] → k[X1, . . . , Xn, Y1, . . . , Ym][1/g0] and ψ2 : k[X1,
. . . , Xn, Y1, . . . , Ym][1/g0] → R[X1, . . . , Xn] by requiring that both ϕ2 and ψ2 are morphisms over
k[X1, . . . , Xn] and deﬁne ϕ2(r) = ϕ1(r) for any r ∈ R , ψ2(G) = ψ1(G) for any G ∈ k[Y1, . . . , Ym][1/g0].
Note that f ∈ R[X1, . . . , Xn] and ϕ2( f ) = f0 = h/gN0 by the above deﬁnition. Hence ϕ2 : C0 =
R[X1, . . . , Xn][1/ f ] → C = k[X1, . . . , Xn, Y1, . . . , Ym][1/(g0h)] is well deﬁned.
Moreover, from the relation bλ = gN0 · ϕ1(aλ), we get ψ1(bλ) = ψ1(g0)N · (ψ1 ◦ ϕ1)(aλ) = aλ ·
ψ1(g0)N . Note that ψ1(g0) is a unit in R . It follows that ψ2(h) = ψ2(∑λ bλXλ) =∑λ ψ2(bλ)Xλ =∑
λ ψ1(bλ)X
λ = ψ1(g0)N ·∑λ aλXλ = ψ1(g0)N · f is also a unit in C0 since 1/ f ∈ C0. Thus ψ2 : C =
k0[X1, . . . , Xn, Y1, . . . , Ym][1/(g0h)] → C0 = R[X1, . . . , Xn][1/ f ] is also well deﬁned. Clearly ψ2 ◦ ϕ2 =
1C0 .
Step 3. Note that we have the following diagram
A
ϕ
C0
ψ
ϕ2
A
C
ψ2
A
ϕ
C0
ψ
A
deﬁne ϕ˜ = ϕ2 ◦ ϕ and ψ˜ = ψ ◦ ψ2. It follows that ψ˜ · ϕ˜ = 1A . Thus L is retract k-rational. 
5. Applications
We recall a known result which will be used subsequently.
Theorem 5.1. (See [HK3, Theorem 1].) Let L be any ﬁeld and G be a ﬁnite group acting on L(x1, . . . , xm), the
rational function ﬁeld of m variables over a ﬁeld L. Suppose that
(i) for any σ ∈ G, σ(L) ⊂ L;
(ii) the restriction of the action of G to L is faithful;
(iii) for any σ ∈ G,
⎛
⎝
σ(x1)
...
σ (xm)
⎞
⎠= A(σ ) ·
⎛
⎝
x1
...
xn
⎞
⎠+ B(σ )
where A(σ ) ∈ GLm(L) and B(σ ) is an m× 1 matrix over L.
Then there exist z1, . . . , zm ∈ L(x1, . . . , xm) such that L(x1, . . . , xm) = L(z1, . . . , zm) and σ(z j) = z j for
any σ ∈ G, any 1 j m.
Lemma 5.2. Let K ⊂ L be k-ﬁeld. If L is retract K -rational, then K is a dense retraction of L.
Proof. Let A be an aﬃne K -domain whose quotient ﬁeld is L arising from the deﬁnition of retract K -
rationality. Let K [X1, . . . , Xn][1/ f ] be the localized polynomial ring and ϕ : A → K [X1, . . . , Xn][1/ f ],
ψ : K [X1, . . . , Xn][1/ f ] be the K -morphisms satisfying ψ ◦ ϕ = 1A .
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α ∈ I; then replace A by A[α] and replace K [X1, . . . , Xn][1/ f ] by K [X1, . . . , Xn][1/( f φ(r))]. Thus we
may assume that A is a regular domain from the beginning. For any r ∈ A\{0}, let g = ϕ(r). Find a
K -morphism Φ : K [X1, . . . , Xn][1/ f ] → K such that Φ( f g) = 0. Then Φ ◦ φ : A → K is the required
map. 
We consider an application of Theorem 4.2.
Recall Theorem 2.8 provides a criterion of retract rationality for K (M)G when G is faithful on K
and M is a G-lattice (it is unnecessary to assume that M is a faithful G-lattice). Now we consider the
retract rationality for k(M)G where G acts trivially on the ﬁeld k.
Theorem 5.3. Let G be a ﬁnite group acting trivially on the ﬁeld k, and M be a faithful G-lattice.
(i) (See Saltman [Sa5, Corollary 1.6].) If k(M)G is retract k-rational, then k(G) is also retract k-rational.
(ii) (See Saltman [Sa5, Proposition 1.7].) If 0 → M → N → E → 0 is an exact sequence of G-lattices where E
is invertible, then k(N)G is retract k(M)G -rational.
We may wonder whether some criterion of retract rationality for k(M)G is available. Although we
cannot ﬁnd a complete solution, we are able to answer this question when [M]ﬂ is invertible.
Theorem 5.4. Let G be a ﬁnite group. For any G-lattice M in the following statements, it is assumed that G
acts on k(M) by purely monomial k-automorphisms. The following statements are equivalent:
(i) k(G) is retract k-rational;
(ii) k(M)G is retract k-rational for some faithful permutation G-lattice M;
(iii) k(M)G is retract k-rational for some faithful G-lattice M such that [M]ﬂ is invertible;
(iv) k(M)G is retract k-rational for all faithful permutation G-lattices M;
(v) k(M)G is retract k-rational for all faithful G-lattices M satisfying that [M]ﬂ are invertible;
(vi) k(M)G is retract k-rational for some faithful G-lattice M.
Proof. (i) ⇒ (vi) by taking M = Z[G].
(vi) ⇒ (i) by Theorem 5.3.
The implications “(v) ⇒ (iv) ⇒ (ii) ⇒ (iii) ⇒ (i)” are easy. It remains to show that “(i) ⇒ (v)”.
For any faithful G-lattice M with [M]ﬂ invertible, we will show that k(M)G is retract k-rational.
Deﬁne N := Z[G] and consider k(M ⊕ N)G .
By Theorem 5.1, k(M ⊕ N)G = {k(M)(z1, . . . , zl)}G where σ · z j = z j for any σ ∈ G , any 1 j  l =
|G|. Thus k(M ⊕ N)G = k(M)G (z1, . . . , zl). It follows that k(M)G is retract k-rational if and only if so is
k(M ⊕ N)G by Lemma 3.4.
Now k(M ⊕ N)G  k(N ⊕ M)G = {k(N)(M)}G is retract rational over k(N)G by Theorem 2.8. Since
k(N)G = k(G) is retract k-rational. Apply Theorem 4.2. We ﬁnd that k(M ⊕ N)G is retract k-rational.
Here is another proof of “(i) ⇒ (v)”.
Suppose that k(G) is retract k-rational and M is a faithful G-lattice with [M]ﬂ invertible.
Let 0 → M → P → E → 0 be the ﬂabby resolution of M where P is a permutation lattice and E is
an invertible lattice because [M]ﬂ is invertible. By Theorem 5.3, we ﬁnd that k(P )G is retract rational
over k(M)G . Thus k(M)G is a dense retraction of k(P )G by Lemma 5.2. We may apply Lemma 3.4
to show that k(M)G is retract k-rational, if it is known that k(P )G is retract k-rational. Since k(G) =
k(Z[G]G), we may apply Theorem 5.1 twice to k(P ⊕Z[G])G as the preceding proof. Thus we ﬁnd that
k(G) is retract k-rational if and only if so is k(P )G . Done. 
Remarks. (i) It is known that k(M)G is k-rational for any G-lattice M with rankZ(M) 3. See [HK1,
HK2,HR].
(ii) Note that [Ka2, Theorem 4.3] may be regarded as a hybrid of Theorem 2.8 and the above
Theorem 5.4 (with the help of the following Theorem 5.5).
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equivalent:
(i) k(G) is retract k-rational.
(ii) k(M)G is retract k-rational for any G-lattice M.
(iii) Either chark = 2 or chark = 2 such that k(ζ2r ) is a cyclic extension of k.
Proof. The equivalence of (i) and (iii) follows from Theorem 3.7.
(ii) ⇒ (i) by Theorem 5.4.
(i) ⇒ (ii) If M is a faithful G-lattice, then [M]ﬂ is invertible by Theorem 2.5. Hence k(M)G is retract
k-rational by Theorem 5.4.
If M is not faithful, ﬁnd a normal subgroup H of G so that M is a faithful lattice over G/H . Let
n′ = 2sm′ be the order of G/H with 2 m′ . Since n′ | n and k(ζ2r ) is cyclic over k, it follows that k(ζ2s )
is also cyclic over k. Thus k(G/H) is retract k-rational by Theorem 3.7. Now we may apply the same
arguments in the preceding paragraph to the group G/H . 
We recall a theorem in group theory.
Theorem 5.6. (See [Za, Theorem 11, p. 175].) Let G be a ﬁnite group. Then the following two statements are
equivalent:
(i) All the Sylow subgroups of G are cyclic.
(ii) G is of the form G = 〈σ ,τ 〉 with relations σm = τn = 1, τστ−1 = σ r where m, n, r are positive integers
satisfying
gcd
{
(r − 1)n,m}= 1 and rn ≡ 1 (modm).
Note that, in the condition (ii) of the above theorem, if r = 1, it is understood as “gcd{n,m} = 1”.
The following result is an extension of Theorem 5.5. We choose to formulate only one direction
among the various directions of implication.
Theorem 5.7. Let G be a ﬁnite group satisfying the property in Theorem 5.6. If k(G) is retract k-rational, then
k(M)G is retract k-rational for any G-lattice M.
Proof. By the same method as in the proof of Theorem 5.5, we may assume that M is faithful. Then
apply Theorem 2.5 for such a group G , and use Theorem 5.4. 
Now we consider an application of Theorem 5.5.
Recall two previous results about the rationality problem and unramiﬁed Brauer groups.
Theorem 5.8. (See Kang [Ka1, Theorem 1.4].) Let k be a ﬁeld and G be a ﬁnite group. Assume that (i) G contains
an abelian normal subgroup H so that G/H is cyclic of order n, (ii) Z[ζn] is a unique factorization domain, and
(iii) ζe ∈ k where e is the exponent of G. If G → GL(V ) is any ﬁnite-dimensional linear representation of G
over k, then k(V )G is rational over k. In particular, k(G) is k-rational.
Theorem5.9. (See Bogomolov [Bo, Lemma 4.9].) Let G be a ﬁnite group containing an abelian normal subgroup
H such that G/H is cyclic. Then Brv,C(C(G)) = 0.
What we will prove next is that, with the same assumptions as in Theorem 5.9, C(G) is retract
C-rational. Hence it is not surprising that BrV ,C(C(G)) = 0 in this situation.
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subgroup H so that G/H is cyclic, and (ii) ζe′ ∈ k with e′ = lcm{exp(H),ord(τ )} where τ is some element in
G and the image of τ in G/H generates the cyclic group G/H. If G → GL(V ) is any linear representation of G
on the k-vector space V , then k(V )G is retract k-rational. In particular, k(G) is retract k-rational.
Proof. Step 1. We will go over the proof of Theorem 5.8 in the paper [Ka1]. By [Ka1, Corollary 3.2],
the proof of Theorem 5.8 is valid under the weaker assumption on ζe′ . We will show that k(V )G =
k(M)π (Y1, . . . , Yr) where π = G/H = 〈τ¯ 〉 and M is a π -lattice.
Note that the assumption that Z[ζn] is a unique factorization domain is used in the proof of [Ka1,
Theorem 2.2]. This theorem asserts that k(M) is π -isomorphic to k(L), a fact which appears only in
Step 5 of the proof of [Ka1, Theorem 1.4, line 7 from the bottom on p. 1218].
On the other hand, in Step 4 of the proof of [Ka1, Theorem 1.4], it is known that k(V )G =
k(y(i, j): 1  i  r, 1  j  di − 1)G(Y1, . . . , Yr) = k(z(i, j): 1  i  r, 1  j  di − 1)G(Y1, . . . , Yr)
where G = 〈H, τ 〉 acts on these z(i, j) by
τ : z(i,1) → z(i,2) → · · · → z(i,di − 1) →
( ∏
1 jdi−1
z(i, j)
)−1
,
σ : z(i, j) → Ψi
(
τ−( j−1)σ τ j−1
)
z(i, j) (1)
where σ ∈ H and 1 j  di − 1.
The ﬁrst two paragraphs of Step 5 of the proof of [Ka1, Theorem 1.4] shows that k(z(i, j): 1 i  r,
1 j  di − 1)H = k(M). Hence k(V )G = k(M)〈τ 〉(Y1, . . . , Yr). From formula (1), it is clear that τ acts
on k(M) by purely monomial k-automorphisms.
Step 2. By Fischer’s Theorem ([Sw1, Theorem 6.1], [KP, Corollary 1.5]), k(G/H) is k-rational; thus it
is retract k-rational. Applying Theorem 5.5, we ﬁnd that k(M)〈τ 〉 is retract k-rational. By Lemma 3.4,
k(V )G is retract k-rational.
In particular, take a k-vector space V whose dual space is equal to
⊕
g∈G k · x(g), the regular
representation of G . We ﬁnd that k(G) = k(V )G is retract k-rational. 
Remark. Compare Theorem 5.10 with Proposition 5.2 in [Ka2] (and also Theorems 1.11, 1.12 and
Corollary 5.1 there). There the assumption ζe′ ∈ k is waived, while other assumptions, e.g. the group
extension 1 → H → G → Cn → 1 splits and the structures of some Galois extensions over k, are
required.
6. Monomial actions
Recall the deﬁnition of the ﬁxed ﬁeld kα(M)G of a monomial action of G (see Deﬁnition 2.2).
Throughout this section, G acts trivially on k. We will generalize the following theorem of Barge.
Theorem 6.1. (See Barge [Ba, Theorem IV-1].) Let G be a ﬁnite group. The following two statements are equiv-
alent:
(i) All the Sylow subgroups of G are cyclic.
(ii) Brv,C(Cα(M)G) = 0 for all G-lattices M, for all short exact sequences of Z[G]-modules α : 0 → C× →
Mα → M → 0.
First we recall an H1 trivial embedding theorem due to Saltman.
Theorem 6.2. (See Saltman [Sa7, Proposition 2].) Let G be a ﬁnite group, M be a G-lattice. If α : 0 → k× →
Mα → M → 0 is an exact sequence of Z[G]-modules, then there is an exact sequence β : 0 → k× → Nβ →
N → 0 satisfying that (i) N is a G-lattice, (ii) Mα ⊂ Nβ , (iii) Nβ is H1 trivial, i.e. H1(G ′,Nβ) = 0 for any
subgroup G ′ ⊂ G, and (iv) Nβ/Mα is a permutation G-lattice.
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for any invertible G-lattice M, for any short exact sequence of Z[G]-modules α : 0 → k× → Mα → M → 0
with G acting faithfully on Mα .
Proof. It suﬃces to show that “only if ” part.
Suppose that k(G) is retract k-rational and α : 0→ k× → Mα → M → 0 is the given extension.
Choose a G-lattice N such that M ⊕ N is a permutation G-lattice. Denote P = M ⊕ N .
We extend the action of G from kα(M) to kα(M ⊕ N) by requiring G acts on k(N) by purely
monomial k-automorphisms. Then G acts faithfully on kα(M ⊕ N).
Since M ⊕ N = P , it follows that G acts on kα(P ) = kα(M ⊕ N) by monomial k-automorphisms.
Moreover, if P =⊕1in Z · xi and G permutes {xi: 1 i  n}, then G acts on kα(P ) = k(x1, . . . , xn)
by linear k-automorphisms, i.e. for any σ ∈ G , any 1  i  n, σ · xi = ai(σ )x j where j depends on i
and ai(σ ) is some non-zero element in k depending on σ and i.
Consider kα(P ⊕ Q )G where Q = Z[G]. By Theorem 5.1, kα(P ⊕ Q )G is rational over kα(P )G ;
apply the same theorem again, kα(P ⊕ Q )G  kα(Q ⊕ P )G is rational over kα(Q )G = k(G). Since k(G)
is retract k-rational, so is kα(P )G by Lemma 3.4.
On the other hand, consider kα(M ⊕ N)G ( kα(P )G ). By Lemma 3.4, kα(M)G is a dense retraction
of kα(M ⊕ N)G (note that G acts faithfully on kα(M)). Since kα(P )G is retract k-rational, so is kα(M)G
again by Lemma 3.4. 
Lemma 6.4. Let G be a ﬁnite group. Assume that k(G¯) is retract k-rational for all quotient groups G¯ of the
group G. Let M be a G-lattice and α : 0 → k× → Mα → M → 0 be a short exact sequence of Z[G]-modules
satisfying that
(i) denoting H = {σ ∈ G: σ acts trivially on Mα}, then there is a short exact sequence of Z[G/H]-modules
β : 0 → k× → Nβ → N → 0 where, regarding Nβ and N as Z[G]-modules, N is a G-lattice, Nβ is H1
trivial, Mα ⊂ Nβ , and Nβ/Mα is a permutation G-lattice;
(ii) N is H1 trivial; and
(iii) [M]ﬂ is an invertible G-lattice.
Then kα(M)G is retract k-rational.
Remark. The assumption (i) can be achieved by Theorem 6.2. On the other hand, the assumption (ii)
is essential. In fact, Saltman proves that, if k is an inﬁnite ﬁled with chark = 2 and σ : k(x, y, z) →
k(x, y, z) is a k-automorphism deﬁned by σ(x) = a/x, σ(y) = b/y, σ(z) = c/z where a,b, c ∈ k\{0}
satisfying [k(√a,√b,√c) : k] = 8, then k(x, y, z)〈σ 〉 is not retract k-rational [Sa8]. The above theorem
is not applicable to Saltman’s example, because N is not H1 trivial for any embedding of Mα into an
H1 trivial module Nβ .
Proof. Replace the group G by G/H where H is the subgroup in the assumption (i). We may assume
that the G-module Mα is faithful.
Let Nβ be any H1 trivial embedding of Mα satisfying the assumptions (i), (ii) and (iii).
Since Nβ/Mα is a permutation G-lattice, kβ(Nβ) = kα(Mα)(x1, . . . , xn) for some x1, . . . , xn satisfy-
ing that, for any σ ∈ G , σ(xi) = ai(σ ) · x j for some x j and some ai(σ ) ∈ kα(Mα)\{0}. By Theorem 5.1,
kβ(Nβ)G is rational over kα(Mα)G . By Lemma 3.4, kβ(Nβ)G is retract k-rational if and only if so is
kα(Mα)G .
From the snake lemma of the following diagram
0 k× Mα M 0
0 k× Nβ N 0
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invertible lattice.
Let 0 → N → P → N ′ → 0 be a ﬂabby resolution of N , i.e. P is a permutation lattice and N ′ is a
ﬂabby lattice. By Lemma 2.4, this short exact sequence splits, i.e. P  N ⊕N ′ . Hence N is an invertible
G-lattice. Thus kβ(Nβ)G is retract k-rational by Theorem 6.3. 
Lemma 6.5. Let G be a ﬁnite group satisfying the property in Theorem 5.6 and k(G¯) is retract k-rational for
all quotient groups G¯ of the group G. Let α : 0 → k× → Mα → M → 0 be a short exact sequence of Z[G]-
modules where M is a G-lattice. Assume the exact sequence α satisﬁes assumptions (i) and (ii) in Lemma 6.4.
Then kα(M)G is retract k-rational.
Proof. By Lemma 6.4, it remains to show that the assumption (iii) is valid for α, i.e. [M]ﬂ is invertible.
But this follows from Theorems 2.5 and 5.6. 
Remark. Lemma 6.5 was proved by Saltman when G  Cp where p is a prime number and ζp ∈ k
[Sa7, Lemma 11].
The next result is a generalization of Theorem 6.1 and is valid for any ﬁeld k which is algebraically
closed and chark  |G|. But we choose to present our result when k is the ﬁeld of complex numbers.
Theorem 6.6. Let G be a ﬁnite group. The following three statements are equivalent:
(i) All the Sylow subgroups of G are cyclic.
(ii) Cα(M)G is retract C-rational for all G-lattices M, for all short exact sequences of Z[G]-modules α : 0 →
C× → Mα → M → 0.
(iii) Brv,C(Cα(M)G ) = 0 for all G-lattices M, for all short exact sequences of Z[G]-modules α : 0 → C× →
Mα → M → 0.
Proof. (ii) ⇒ (iii) by Theorem 3.2.
(iii) ⇒ (i) by Theorem 6.1.
It remains to show that (i) ⇒ (ii). We will apply Lemma 6.5.
Let G be a ﬁnite group satisfying the assumption (i) of this theorem. By Theorem 5.6, the group
G and all of its quotient groups are metacyclic; thus Theorem 5.10 is applicable to these groups. It
follows that C(G¯) is retract C-rational for all quotient groups G¯ of the group G .
For a short exact sequence of Z[G]-modules α : 0 → C× → Mα → M → 0, we will show that
Cα(M)G is retract C-rational. Replacing G by some quotient group G/H if necessary, we may assume
that G acts faithfully on Mα .
In order to apply Lemma 6.5, we should check the validity of the assumptions (i) and (ii) of
Lemma 6.5. The assumption (i) is valid by Theorem 6.2. As to the assumption (ii), we will show that
H2(G ′,C×) → H2(G ′,Nβ) is injective for any subgroup G ′ ⊂ G , which is equivalent to the assumption
(ii) of Lemma 6.5, because Nβ is H1 trivial.
Note that H2(G ′,C×) is the trivial group, because we may consider H2(G ′p,C×) where G ′p is a
p-Sylow subgroup of G ′ and we ﬁnd that H2(G ′p,C×)  H0(G ′p,C×)  C×/(C×)q = 0 where q is the
order of the cyclic group G ′p . Hence the result. 
References
[Ba] J. Barge, Cohomologie des groupes et corps d’invariants multiplicatifs tordus, Comment. Math. Helv. 72 (1997) 1–15.
[BCTSSD] A. Beauville, J.-L. Colliot-Thélène, J.-J. Sansuc, P. Swinnerton-Dyer, Variétés stablement rationnelles non rationnelles,
Ann. Math. 121 (1985) 283–318.
[Bo] F.A. Bogomolov, The Brauer group of quotient spaces by linear group actions, Math. USSR Izv. 30 (1988) 455–485.
[CHKK] H. Chu, S.-J. Hu, M. Kang, B.E. Kunyavskii, Noether’s problem and the unramiﬁed Brauer group for groups of order 64,
Int. Math. Res. Not. IMRN 12 (2010) 2329–2366.
[CTS1] J.-L. Colliot-Thélène, J.-J. Sansuc, La R-équivalence sur les tores, Ann. Sci. Éc. Norm. Super. 10 (1977) 175–229.
M.-c. Kang / Journal of Algebra 349 (2012) 22–37 37[CTS2] J.-L. Colliot-Thélène, J.-J. Sansuc, Principal homogeneous spaces under ﬂasque tori: applications, J. Algebra 106 (1987)
148–205.
[CTS3] J.-L. Colliot-Thélène, J.-J. Sansuc, The rationality problem for ﬁelds of invariants under linear algebraic groups (with
special regards to the Brauer group), in: V. Mehta (Ed.), Proc. International Colloquium on Algebraic Groups and
Homogeneous Spaces, Mumbai, 2004, Narosa Publishing House, 2007.
[De] F.R. DeMeyer, Generic polynomials, J. Algebra 84 (1983) 441–448.
[DM] F. DeMeyer, T. McKenzie, On generic polynomials, J. Algebra 261 (2003) 327–333.
[GMS] S. Garibaldi, A. Merkurjev, J.-P. Serre, Cohomological Invariants in Galois Cohomology, Univ. Lecture Ser., vol. 28, Amer.
Math. Soc., Providence, 2003.
[HK1] M. Hajja, M. Kang, Finite group actions on rational function ﬁelds, J. Algebra 149 (1992) 139–154.
[HK2] M. Hajja, M. Kang, Three-dimensional purely monomial group actions, J. Algebra 170 (1994) 850–860.
[HK3] M. Hajja, M. Kang, Some actions of symmetric groups, J. Algebra 177 (1995) 511–535.
[HR] A. Hoshi, Y. Rikuna, Rationality problem of three-dimensional purely monomial group actions: the last case, Math.
Comp. 77 (2008) 1823–1829.
[Ka1] M. Kang, Rationality problem for some meta-abelian groups, J. Algebra 322 (2009) 1214–1219.
[Ka2] M. Kang, Retract rationality and Noether’s problem, Int. Math. Res. Not. IMRN 15 (2009) 2760–2788.
[KP] M. Kang, B. Plans, Reduction theorems for Noether’s problem, Proc. Amer. Math. Soc. 137 (2009) 1867–1874.
[Ku] B.F. Kunyavskii, Three-dimensional algebraic tori, Selecta Math. Soviet 9 (1990) 1–21.
[Le] H.W. Lenstra Jr., Rational functions invariant under a ﬁnite abelian group, Invent. Math. 25 (1974) 299–325.
[Lo] M. Lorenz, Multiplicative Invariant Theory, Encyclopaedia Math. Sci., vol. 135, Springer-Verlag, Berlin, 2005.
[Mi1] J.S. Milne, Étale Cohomology, Princeton Univ. Press, Princeton, 1980.
[Mi2] J.S. Milne, Lectures on etale cohomology, Version 2.10, May 20, 2008, http://www.jmilne.org/math/.
[MT] Y.I. Manin, M.A. Tsfasman, Rational varieties: algebra, geometry and arithmetic, Russian Math. Surveys 41 (1986) 51–
116.
[Pe] E. Peyre, Unramiﬁed cohomology of degree 3 and Noether’s problem, Invent. Math. 171 (2008) 191–225.
[Sa1] D.J. Saltman, Generic structures and ﬁeld theory, in: Algebraists’ Homage: Papers in Ring Theory and Related Topics,
in: Contemp. Math., vol. 13, Amer. Math. Soc., Providence, 1982.
[Sa2] D.J. Saltman, Generic Galois extensions and problems in ﬁeld theory, Adv. Math. 43 (1982) 250–283.
[Sa3] D.J. Saltman, Noether’s problem over an algebraically closed ﬁeld, Invent. Math. 77 (1984) 71–84.
[Sa4] D.J. Saltman, Retract rational ﬁelds and cyclic Galois extensions, Israel J. Math. 47 (1984) 165–215.
[Sa5] D.J. Saltman, Multiplicative ﬁeld invariants, J. Algebra 106 (1987) 221–238.
[Sa6] D.J. Saltman, Twisted multiplicative ﬁeld invariants, Noether’s problem and Galois extensions, J. Algebra 131 (1990)
535–558.
[Sa7] D.J. Saltman, Multiplicative ﬁeld invariants and the Brauer group, J. Algebra 133 (1990) 533–544.
[Sa8] D.J. Saltman, A nonrational ﬁeld, answering a question of Hajja, in: M’hammed Boulagouaz, Jean-Pierre Tignol (Eds.),
Algebra and Number Theory, in: Lect. Notes Pure Appl. Math., vol. 208, Marcel Dekker, New York, 2000.
[So] J. Sonn, Nonabelian counterexamples to the Noether problem, Proc. Amer. Math. Soc. 93 (1985) 225–226.
[Sw1] R.G. Swan, Noether’s problem in Galois theory, in: B. Srinivasan, J. Sally (Eds.), Emmy Noether in Bryn Mawr, Springer-
Verlag, Berlin, 1983.
[Sw2] R.G. Swan, The ﬂabby class group of a ﬁnite cyclic group, in: Lizhen Ji, Kefeng Liu, Lo Yang, Shing-Tung Yau
(Eds.), Proceedings of the 4th International Congress of Chinese Mathematicians, Hangzhou, 2007, Higher Education
Press/International Press, Beijing/Somerville, 2008.
[Vo1] V.E. Voskresenskii, Fields of invariants of abelian groups, Russian Math. Surveys 28 (1973) 79–105.
[Vo2] V.E. Voskresenskii, Algebraic Groups and Their Birational Invariants, Transl. Math. Monogr., vol. 179, Amer. Math. Soc.,
Providence, 1998.
[Za] H.J. Zassenhaus, The Theory of Groups, 2nd edition, Chelsea Publ. Company, New York, 1958.
